S

Surreal Geometry

Given the empty set {} (or not!); the operations union U, intersection M, and subtraction \; and the relationships

membership €, contained in C, and set equality =; S is the surreal geometry, such that:

1. Genesis

Given z = {L[z] | R[]}, ¢ € Sifand only if:

e The bounds L[z] and R[] are two sets whose elements are other members of S or sets of their bounds
e Thereisnotz; € Lp[z] and z, € Rp[z] such that z,, < z; forany D € D

where, given also y € S, z < y if and only if:
e Thereisnot z; € Lp[z] such that yp < z; and noty, € Rply| such thaty, < zp forany D € D
and where, forallz € S, X C S, and B € {£,R}, and with D € D:

e Xp={zpforallz € X} \ {Osuchthat0 ¢ X and D # {}} and zp = {Lp[z] | Rp[z]}
e Bipy = (BNS)py U{bforallb € Bpsuchthat B € B\ S}and By = (BNS)y

Additionally:

D w:yifandonlyifw§yandySw;andw<yandy>a:ifandon|yifxgyandyﬁw
o Thesimplestz € Sis {|}, or 0; {0 |} is 1. N is defined such that 0 € N, and {n |} € Nifn € N
o Dis defined such that {} € D, and {D} € Dif D € D

2. Algebra

Givenz € S, X CS,n €N and Zp11 = {Z,} with Zp = {}:

o Ty = (Tp-1,T_p)pifn>0andz_, =2z,
e Xp={zpforallz € X}and X_p, = {z_p forallz € X}

where, given o, Te € Sp:
o (To, Te)ny1 = {Ar | Ar} with Ap = Blzo] U {Blz.| U Z,} for B {L,R}

and, given also Yo, Yo € Sy, and T,y € Sp1 such that & = (To, Te)nt+1and Y = (Yo, Yo )nt1:

*

o ¥ = (2}, —})n+1 with z§ = zo, and —z = {—R[z] | —L[z]}

e T4+ Y= (To+ Yo, Te + Yo)nt1,and To — Yo = To + (—Yo), where zg + yo = {S, | Sg} and
S = (Blzo] + yo) U (Blyo] + z0) for B € {£,R}

o Y = (ToYo + TiYe, TaYo + T2Ye)nr1 Where Zoyg = {PLE U P77§ | PZ{ U P7§} and
P = Blzo]yo + zoClyo] — Blzo|Clyo] for B,C € {L£,R}

o fzoxt €S\ {0} a7t = af(wox?) L and zg! = {{0} UIF U IS | IS UIE} if 2 > O where
IS = (1 + (Clao] — mo)Blzy ']) Cla) ! for B,C € {L,R}

Operations are applied element-wise over sets, combining all pairs for operations over two sets.

3. Calculus

Given a function f[z] that maps every z € X such that X C S, into a unique element of S, the infinitesimal
e={0| (N\ {0})7'}, and the function p[a] such that:

o plz] = (p[zn-1], plz—n])n ifn > 0,and p[X| = {p[z] forall z € X}
o plzg] = {z; € Q| z, € Q} suchthat z; < xg and zy < z, with Q = (NU —N) (N \ {0}) "

there exist £V [z] for z € X and fV2[X] such that:

o 7Vle) = (¥ [ear], £V L)), in > 0,2nd £V [zo] = p [(Fleo + €] — flzal) e ]
o FYAX] = p[fA[XA] — FAIXV]] where £5(X] = fla,] f p[X] = {z,} withz, € S

where X2 = X, \ X and XV = X \ X, with X, = X + €6[X] such that §[X] = (§[X,, 1], 6[X _p])n and
8[Xo] = 1if there exists z,y € X such that  # y and 0 otherwise.

4. Physics

Given the physical universe with entropy function S[t] € Sy for a time ¢, every change in the space-time X C S,
is defined by an energy field E[z] with EA[X] € Sy such that:

o Thereis not E_ [z] with E_[z] = E[z] forallz € X» U XY and E2[X] < EA[X]
o S[tY] < S[tA] forall tY € Xy and t* € X

And, therefore:

o If P[z] is the wave function for a particle of mass m, PV [z]j = m(P[z])* with j € Sand jj = —1

o If F[z] is the electromagnetic field, the charge and current density is J[z] = F" [z]

e If z represents the momentum of a particle with energy o and mass m, then zz* = mm. At larger scales,
if G[z] is the curvature of the gravitational field, the flow of energy and matter is T'[z] = G|z]

The rest of physics is left as an exercise for the reader.
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Appendix

A. Properties. Given &, y, z € S, it can be proven that:

cez+0=zz+y=y+zandz+(y+2)=(x+y)+=2
e lz =z, zoy = yzo and z(yz) = (zy)z (also, (zy)* = z*y*)
e z(y+z)=ay+zzand (z+y)z =zz+yz

B. Base. Given S = S, S**! = {z € S™ with S™ = (§™1,§"),,, S" = {0} and m > n} and:
S0 St S? K
S 1={01}
S1 er = {{0} [}
Ss e2={{0,{}} 1} e ={{{0}} [}

S, =ty o2 HRONY e < quom

ei; €S;N SV for each ej; in row 4 and column j and, given n,m € Nwith0 < mand m < n:

® em = <m07m->n = <em:0>n and e, = <n07n->n = <07 1>n
o enen = (NoMo + NyMe, NiNe + NeNo) = (0+ 1,04 0), =1
o epen = (Moo + Mine, Ming + meno), = (0+ 0, €}, + 0), = —eqen,

(@lso, epr1x = (0,2),,11 forall @ € S,,). Moreover, given 4, j, k = €32, —€31,€2,1:
. ii=jj=kk=ijk=—1
C. Multivector bounds. In general, given s € S3, and for B € {L,R}:

o 5 =350+ (sze1+ syez + sze3) + (Syz€21 + S:c€31 + S2y€32) + Sayr€321
o Bls|=ByU{B,}U{By, U{By,}} U{B.U{B..} U{B.y U{B.y,}}} where B; = Bls;]

and, if s + (sy€1 + syes + s.€3) + (Sye€21 + S:p€31 + Ssy€32) + Siye€321 € Bls], then:

e 50, {52}, {Syv{Syz}}v{szv{szz}v{szyv{szyz}}} € Bls]

D. Functions and constants. Given f[z] withz € X and X C S:

. f;[m-{—(] = flz] —i—fv[m]gwithg € Ssuchthat{ # 0,¢¢ = 0and {z = z(
* flflzl) =z and f¥[z] = (FY[f[z]])

and, given z, j € Ssuchthat jj = —1:

o efz] = pley[z]] such that eg[z] = 1 and e,11[z] = €,[z](1 + ze)

o cnlz] = pleg(z]] silz] = plsu[z]] and th[z] = pls,[z](cu[z]) ] where
cwlz] = (ew[z] + eu[—2]){0 | 1} and su[z] = (ew[z] — ew[—2]){0 | 1}

o clz] = cplzg] s[z] = —splzg]j and t[z] = —tp[z5]d

e w={N |}, e=e[l]and T = —¢[-1]j

Notes

1. The foundational element 0 = {|} initiates a well-founded recursion. The resulting subset of scalar
elements, Sp (or S{}), along with the application to them of the arithmetic definitions in the Algebra section,
reproduce the complete set of surreal numbers and operations defined by Conway.

N

. Unlike classical surreal numbers, S allows bounds to contain sets of bounds (e.g., {a, {b}, {c, {d}} |}.
Bound elements at different depths cannot be compared, and it is therefore interpreted that they
correspond to components along different dimensions. Depth indicates the dimensionality of each
component ({a |} is a scalar, {{b}, {c, {}} |} a vector, and {{{d}} |} a bivector), while the maximum
depth of a set indicates in which subspace the corresponding components are ({a |} is in the scalar
subspace, {{b} |} in the 1D subspace, and {{c{d}} |} in the 2D subspace).

w

. Bound elements can be non-scalars too. During dimensional projection, pure surreal multivectors are
isolated via the intersection (BB N S) and projected directly, while nested bound sets (B \ S) are unboxed
element by element, shifting the target dimension down step by step. For a set of strictly scalar bounds
projected onto the scalar dimension D = {}, this structural descent terminates through the base case
By = (BN S)yy, leaving the scalar bounds intact.

4. The angle bracket operator (., Z, ), creates elements of higher dimensions by combining the projection in
the lower-dimensional space, &, with the orthogonal complement, , factored by the new basis element,
e,. Component extraction performs the reverse operation (if £ = (a’:o, a’:.>n, To = Tp—1and Te = T_p).
Although the bracket operator resembles a Cayley-Dickson doubling, the geometric product here dictates
an associative Clifford construction, generating an algebra of positive metric (e;e; = 1 and ese; = —eqes
). Furthermore, by restricting the inverse to elements where z,x? is not zero, the algebra accommodates the
existence of zero divisors inherent to higher-dimensional algebras

vl

. The framework bypasses limits by natively incorporating the infinitesimal €. Calculating the difference
quotient and extracting the slope via the standard-part projection (or shadow function) p[a}] implements the
non-standard analysis popularized by Keisler. Furthermore, the derivative fv[:v} is equivalent to the
geometric derivative formalized by Hestenes and Sobczyk, while fA[X] calculates the integral evaluating
the function over boundaries extracted via infinitesimal set-subtraction (X, \ X and X \ X.), by direct

application of the generalized Stokes' Theorem.

(<2}

. The emergence of physical equations (expressed using natural units) from the geometric derivative in S3
aligns with the Algebra of Physical Space (APS) of Baylis, in order to describe relativistic, electromagnetic,
and quantum phenomena entirely within the algebra of 3D space.

~

. More pragmatically, numerical solutions can be found applying the algebraic structure of this framework
combined with an automatic differentiation engine based on dual numbers.
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